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Abstract
We show that it is possible to approximate the zeta-function of a curve over a finite field by meromorphic
functions which satisfy the same functional equation and moreover satisfy (respectively do not satisfy)
an analog of the Riemann hypothesis. In the other direction, it is possible to approximate holomorphic
functions by simple manipulations of such a zeta-function. No number theory is required to understand the
theorems and their proofs, for it is known that the zeta-functions of curves over finite fields are very explicit
meromorphic functions. We study the approximation properties of these meromorphic functions.
c⃝ 2011 Elsevier Inc. All rights reserved.
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1. Introduction
The Riemann hypothesis for the Riemann zeta-function is unstable in the sense that, in the
vicinity of the Riemann zeta-function ζ(s), there are functions (different from ζ ) which satisfy as
well as functions which do not satisfy an analog of the Riemann hypothesis. In the present paper
we shall show that an analogous situation holds for zeta-functions of curves over finite fields.
This portion of the study can be labeled “approximation of zeta-functions over finite fields”.
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We shall also investigate “approximation by zeta-functions over finite fields” and show that
such zeta-functions have certain approximation properties analogous to those of the Riemann
zeta-function. Namely, we shall show that all holomorphic functions can be approximated by
elementary manipulations of zeta-functions over finite fields.
The Riemann hypothesis concerns the Riemann zeta-function, but analogs of the Riemann
hypothesis have been formulated for other zeta-functions such as zeta-functions of number
fields and zeta-functions of function fields. There is no number field for which the Riemann
hypothesis has been either confirmed or disproved. The only zeta-functions for which the
Riemann hypothesis has been confirmed are zeta-functions of function fields over finite fields.
Of course, there is the hope of imitating the proof of the Riemann hypothesis over function
fields in order to prove the Riemann hypothesis for the Riemann zeta-function, but this approach
encounters serious obstacles.
The definition of zeta-functions over finite fields involves a certain amount of number theory,
but it is well known that such zeta-functions are in fact rational functions, after a simple change
of variables. Readers who are not interested in the definition of zeta-functions and are satisfied
with the explicit elementary representation thereof may skip the ensuing remarks on number
theory (which contain no new material) and pass directly to our results, which begin in Section 3
and make no appeal to number theory.
Our motivation is to better understand the relation between the Riemann zeta-function and
zeta-functions over finite fields. We find it interesting to see how many phenomena are the same
for zeta-functions over finite fields as for Riemann’s zeta-function. This is somewhat in the spirit
of Bombieri and others in that essential features of the two objects should be the same although
their analytic characters are rather different. Irrespective of whether or not this will actually lead
to a better understanding of the Riemann hypothesis, we believe that the investigation opens a
new line of research of independent merit.
2. Zeta-functions over finite fields
By a function field (of one variable) F over a field K , we mean a finitely generated field
extension of K of transcendence degree 1. Equivalently, F is the function field of a smooth,
irreducible, projective, algebraic curve over K . F.K. Schmidt has defined the zeta-function ζF (s)
of the function field F as follows:
ζF (s) =

α
1
|α|s =

p

1− 1|p|s
−1
, (1)
where α ranges over the positive divisors, p ranges over the prime divisors and |α| is the absolute
norm (the number of elements of the residue class of the divisor). Since it would take too much
room to explain this definition in detail and since we shall use a different analytic (but equivalent)
representation (5), we refer the interested reader to the files of Peter Roquette [11], where an
excellent historical account is given of the proof of the Riemann hypothesis for zeta-functions of
curves over finite fields.
Helmut Hasse was the first to prove the analog of the Riemann hypothesis for elliptic curves
over finite fields, in 1934. The case of general curves was obtained by Andre´ Weil in 1942. Over
30 years later, Pierre Deligne extended the Riemann hypothesis to arbitrary varieties over finite
fields, for which he obtained the Fields medal. In his description of the Riemann hypothesis as
one of the millennium problems, on the Clay Institute website, Enrico Bombieri ranks this as one
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of the crowning achievements of 20th century mathematics. Bombieri also writes that this is the
best evidence in support of the Riemann hypothesis.
Henceforth, when we speak of a function field F , it is understood that F is a function field
(of one variable) over a field K as defined above and moreover that the base field K is finite. A
finite field K is uniquely determined by its size, which must be of the form q = pr , where p is
a rational prime and r a natural number. When the base field K is finite, the series and infinite
product in (1) both converge for ℜ(s) > 1. Hence, the zeta-function ζF (s) is a well-defined
holomorphic function in the half-plane ℜs > 1.
Making the substitution u = q−s , where q is the order of the finite field K , and setting
Z(u) = ζF (s), it is known that Z(u) is a rational function. In other words, ζF (s) is a rational
function of q−s . Since Z(u) is rational, it is defined for all values of u ∈ C, not just on the
image {u : u = q−s,ℜ(s) > 1}. Thus, Z(u(s)) is a meromorphic function on all of C which
coincides with the zeta-function ζF (s) on the half-plane ℜ(s) > 1. Therefore, Z(u(s)) is the
(unique) meromorphic continuation of the zeta-function ζF (s) to the whole complex plane C.
The zeta-function ζF (s) satisfies the functional equation
ζF (1− s) = q(g−1)(2s−1)ζF (s), (2)
where g is the genus of the curve. Setting Q(s) = q(g−1)s , for f meromorphic on C, we write
Λ( f, s) = Q(s) f (s). The functional equation for ζF can then be written in the form
Λ(ζF , 1− s) = Λ(ζF , s),
which is symmetric with respect to the point 1/2. Since Λ(ζF , s) is real for real s, we have
Λ(ζF , s) = Λ(ζF , s), and so the functional equation can also be written as
Λ(ζF , 1− s) = Λ(ζF , s), (3)
which is the required form of the functional equation for a function to belong to the Selberg class
(see [9]).
The rational function Z(u) can be written in the form
Z(u) = L(u)
(1− qu)(1− u) ,
where L(u) is a polynomial of the form
L(u) =
2g
j=0
c j u
j = 1+ (N − q − 1)u + · · · + qgu2g.
Note that Z(u) has simple poles at the points u = 1/q and u = 1. If we represent F as the
function field of a smooth curve C then N is the number of K -rational points of C , that is, points
of C each of whose coordinates belongs to K , and all its complex roots have norm q−1/2 (which
is the Riemann hypothesis). This is essentially what Weil showed (and then Deligne, for a more
general case). Waterhouse [12] investigated the question of which rational functions can appear
as the zeta-function of an Abelian variety. Subsequently, Maisner and Nart [8] studied the much
more delicate question of determining which ones can correspond to curves.
The coefficients of L(u) satisfy the symmetry relation
c j = c2g− j q j−g. (4)
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Thus,
L(u) =
2g
j=0
c j u
j = 1+ (N − q − 1)u + · · · + qg−1(N − q − 1)u2g−1 + qgu2g,
and the zeta-function ζF (s) has the representation
ζF (s) = 1+ (N − q − 1)u + · · · + q
g−1(N − q − 1)u2g−1 + qgu2g
(1− qu)(1− u) . (5)
Since the right side has poles at u = 1 and u = 1/q, and since u = q−s , the zeta-function ζF has
simple poles at the corresponding points
ℜs = 1, ℑs = j 2π
log q
, j = 0,±1,±2, . . . ,
and
ℜs = 0, ℑs = j 2π
log q
, j = 0,±1,±2, . . . .
Hence, the function ζF has infinitely many poles on the lines ℜs = 1 and ℜs = 0. In particular,
ζF has simple poles at s = 1 and s = 0.
The residue of ζF (s) at the simple pole s = 1 is an important number given by the formula
lim
s→1(s − 1)ζF (s) =
q1−g · h
(q − 1) log q .
This is the class number formula giving the residue of ζF (s) at s = 1 as a function of important
invariants of the function field F , namely, the class number h = hF , of the function field, the
genus g of the function field and the cardinality q of the base field K . In terms of L this yields
the class number formula
L(1) = h.
The symmetry relation (4) is equivalent to the assertion that the polynomial L(u) satisfies the
functional equation
L

1
qu

= q−gu−2g L(u). (6)
This also follows directly from the functional equation (2) for ζF . In fact, the functional equations
(2) and (6) are equivalent. Moreover, writing L(u) = u−g L(u), for u ≠ 0, these two functional
equations are also equivalent to the functional equation
L

1
qu

= L(u), (7)
which expresses symmetry with respect to holomorphic inversion with respect to the critical
circle |u| = 1/√q , corresponding to the critical axis ℜs = 1/2, via the substitution u = q−s .
Also, from the Dirichlet series, we see that ζF (σ ) is real, for σ real, 1 < σ < +∞. Thus,
ζF (s) = ζF (s), for ℜs > 1. The same symmetry must hold for all s. Hence,
ζF (s) = ζF (s). (8)
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It follows from this double symmetry (8) and (3) that the zeros of ζF are symmetric with
respect to the real axis and the point 1/2, and from the Dirichlet series representation for ζF we
see that ζF has no zeros for ℜs > 1. Thus, from the symmetry relations it follows that ζF , unlike
the Riemann zeta-function, has no zeros for ℜs < 0. Hence, all zeros of the zeta-function ζF (s)
lie in the critical strip 0 ≤ ℜs ≤ 1, and they are symmetric with respect to the real axis and the
point s = 1/2. To prove the associated Riemann hypothesis, then, it is sufficient to show that
ζF (s) has no zeros in the open half-plane ℜs > 1/2. Equivalently, it is sufficient to show that the
function Z(u) has no zeros in the punctured open disc 0 < |u| < q−1/2. At u = 0, the function
Z(u) has the value 1. Hence, the function
L(u) = (1− u)(1− qu)Z(u)
also has the value 1 at u = 0 and, to show the Riemann hypothesis for ζF (s), it is sufficient
to show that the function L(u) has no zeros in the punctured open disc 0 < |u| < q−1/2.
Equivalently, it is sufficient to show that the function L ′/L has no poles in 0 < |u| < q−1/2. In
a neighborhood of u = 0,
L ′
L
(u) = 1
u
∞
n=1
anu
n .
It is sufficient to show that the radius of convergence of this series is at least q−1/2. Thus, to prove
the Riemann hypothesis, it is sufficient to show that an = O(qn/2) as n →∞. Weil showed that
|an| ≤ 2g · qn/2 (n = 1, 2, . . .),
where g is the genus.
3. Approximation by zeta-functions
For a subset S ⊂ C, we denote by O(S) the set of functions f such that f is holomorphic on
an open neighborhood (depending on f ) of S. If f is holomorphic on an open neighborhood U of
S and g is holomorphic on an open neighborhood V of S and f = g on some open neighborhood
of S contained in U ∩ V , then we consider f and g to be the same element of O(S).
Theorem 1. Let ζF (s) be the zeta-function of the function field F (see (1) and (5)). For each
compact subset K of C, for each function f ∈ O(K ) and for each ϵ > 0, there are finitely many
complex numbers ak, bk and λk , with k = 1, . . . , n, such that f (s)− n
k=1
λkζF (aks + bk)
 < ϵ
for all s ∈ K .
For the Riemann zeta-function, the authors have shown a stronger result [4].
Proof. Suppose we are given a compact subset K of C, a function f ∈ O(K ) and positive ϵ.
The function f is holomorphic in some bounded open set U containing K . Multiplying f by a
smooth function χ with suppχ ⊂ U and χ = 1 on a neighborhood of K , we may assume that
f itself is smoothly defined on all of C. We note that the compact sets supp f and supp (∂ f ) are
both contained in U and supp (∂ f ) is disjoint from K .
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For η ≠ 0 sufficiently small, the non-zero poles p1, p2, . . . of the function ζF (ηs) lie outside
of the bounded set U and also outside of the bounded set U −U = {s − z : s, z ∈ U }. Since the
pole of ζF (ηs) at zero is simple, we may write ζF (ηs) in the form
ζF (ηs) = a
πs
+ h(s),
where h is a meromorphic function on C all of whose poles lie outside of the bounded sets U
and U − U . Since, in fact, all of the poles of the function ζF (ηs) are simple, ζF (ηs) is locally
integrable and may be considered as a distribution TζF . Noting that (πs)
−1 is a fundamental
solution, which we denote by Φ, for the partial differential operator ∂ , we have TζF = aΦ + h,
as distributions.
To say that Φ is the fundamental solution for the operator ∂ means that ∂Φ = δ, where δ is
the Dirac distribution. Hence, since f ∈ C∞(U ) is of compact support, we have ( f ∗ ∂Φ)(s) =
( f ∗ δ) = f and so we get the representation
f (s) = ( f ∗ ∂Φ)(s) = (∂ f ∗ Φ)(s) =

(∂ f )(z)Φ(s − z) dxdy
= a−1

∂ f (z)ζF (ηs − ηz) dxdy − a−1

∂ f (z)h(s − z) dxdy,
where z = x + ı y. Consider the second integral
∂ f (z)h(s − z) dxdy = −

f (z)∂ zh(s − z) dxdy
= −

U
f (z)∂ zh(s − z) dxdy,
because supp f ⊂ U . Moreover, since h(s−z) is holomorphic in U×U , we have ∂ zh(s−z) = 0
for all s, z ∈ U . Thus,
f (s) = a−1

∂ f (z)ζF (η(s − z)) dxdy = a−1

supp∂ f
∂ f (z)ζF (η(s − z)) dxdy
for s ∈ U . In particular, this formula holds for s ∈ K ⊂ U . For (s, z) ∈ K × supp ∂ f , the point
s − z is in U − U and so, by the choice of η, it follows that η(s − z) is not a pole of ζF . So
the integrand is smooth for (s, z) ∈ K × supp ∂ f . In particular, it is continuous and so we may
approximate f (s) by Riemann sums of this integral. These can be written in the form
n
k=1
λkζF (ηs − ηzk),
for s ∈ K . In fact, since the integrand is uniformly continuous on K × supp ∂ f , we may
approximate f within ϵ uniformly on K by such Riemann sums. 
We remark that the Riemann zeta-function has an approximation property deeper than that
of Theorem 1, namely Voronin’s Universality Theorem (see [7]), which asserts that vertical
translates of the Riemann zeta-function approximate all holomorphic functions in the strip
1/2 < ℜs < 1, which have no zeros in that strip. Zeta-functions over finite fields fail to have this
deeper universality property, since they are periodic in the vertical direction.
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4. Instability of the Riemann hypothesis
For a function f meromorphic on C, we define the trivial zeros of f to be its real zeros and
we say that f satisfies (an analog of) the “Riemann hypothesis” if f has no non-trivial zeros
off the critical axis. Similarly, let us say that f fails to satisfy (an analog of) the “Riemann
hypothesis” if it does have non-trivial zeros off the critical axis. The instability of the Riemann
hypothesis refers to the phenomenon that near the Riemann zeta-function there are functions
which do satisfy the “Riemann hypothesis” and functions which do not satisfy the “Riemann
hypothesis”. This phenomenon was investigated in, for example, [6,5,3,10]. The intention was
to show that this instability holds for many important L-functions, including the Riemann zeta-
function. In this section we wish to point out that such instability also holds for the Riemann
hypothesis for zeta-functions over finite fields.
LetM be the space of meromorphic functions onCwith the topology of uniform convergence
on compacta. In this space, a sequence {gn} converges to g if, on each compact set K , the
functions gn eventually have the same poles with the same principal parts as g and gn − g
tends to zero. This is a complete metric space and hence of Baire category II. For holomorphic
functions, uniform convergence on compacta implies uniform convergence of all derivatives. We
have gn − g → 0 and so g( j)n − g( j) → 0 for all j = 0, 1, 2, . . . . Thus, g( j)n (s) → g( j)(s) at
all points s, where the functions are holomorphic. At the poles, the convergence g( j)n − g( j) → 0
should be interpreted as meaning that the Laurent coefficients of gn converge to those of g.
As above, let F be a function field over a finite field K of order q and
ζF (s) = Z(u) = L(u)
(1− u)(1− qu)
with u = q−s . By the Riemann hypothesis, all zeros of L lie on the critical circle |u| = q−1/2.
We denote byMF the class of functions inM sharing the following properties with ζF :
(i)
f (s) = h(u)
(1− u)(1− qu) , u = q
−s,
where h is holomorphic on C \ {0}, and h(1) = L(1), h(1/q) = L(1/q).
(ii) The function f satisfies the functional equation for ζF , i.e.,
L(h, u) := u−gh(u) = L

h,
1
qu

.
(iii) f (s) = f (s).
Note that from (i) it follows that functions in MF have the same poles as ζF , with the same
principal parts. Moreover, the zeros of h are symmetric with respect to the real axis and the
critical circle |u| = 1/√q (see (7)).
It is important to emphasize that the functions inMF satisfy the same functional equation (2)
as the zeta-function, for the functional equations (2), (6) and (7) are equivalent, not only for ζF ,
but for any function.
LetRF be the those functions inMF which are rational as functions of u. More precisely,
f (s) = R(u)
(1− u)(1− qu) , u = q
−s,
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where R is rational with no poles on C \ {0} and R(1) = L(1), R(1/q) = L(1/q). The functions
inRF resemble the zeta-function ζF even more than those inMF . Moreover, since functions in
RF are rational functions of q−s = e−s log q , they are all of the same order, 1, in s. Since ζF is in
RF , all functions inRF have the same order as ζF .
Lemma 2. Let ν(u) be a holomorphic function on C \ {0}, taking the value 1 at the points 1 and
1/q and satisfying the relations ν(u) = ν(1/qu) and ν(u) = ν(u). Then, for each f ∈MF , the
function ν(u(s)) f (s) is also in MF . If, moreover, ν(u) is rational, then, for each f ∈ RF , the
function ν(u(s)) f (s) is also inRF .
The proof of this lemma is omitted.
The following Walsh-type lemma on simultaneous approximation and interpolation is due to
Frank Deutsch [1].
Lemma 3. Given a locally convex complex vector space X and a dense subspace Y of X, if
x ∈ X, and U is a neighborhood of 0, and L1, . . . , Ln are finitely many continuous linear
functionals on X, then there exists an element y ∈ Y which simultaneously approximates and
interpolates x in the sense that y ∈ x +U and L j y = L j x, for j = 1, . . . , n.
LetR−F be the subclass ofRF for which the “Riemann hypothesis” fails.
Theorem 4. The class R−F of functions in RF which fail to satisfy the “Riemann hypothesis”
form an open dense subfamily of RF .
Proof. Let f ∈ RF , let K be a compact subset of the complex s-plane Cs , and let α > 0. For
q < r <∞, let
A =

u ∈ C : 1
qr
≤ |u| ≤ r

be an annulus in the complex u-plane Cu , with r so large that u(K ) ⊂ A, where u = q−s .
Choose a point u0 ≠ 0 outside A. By Runge’s theorem, rational functions having no poles in the
punctured plane C \ {0} are dense in the space of functions holomorphic on A ∪ {u0}. Moreover,
by the Walsh lemma, Lemma 3, we may not only approximate but also interpolate at finitely
many points. Thus, for every δ > 0, there is a rational function pδ having no poles on C \ {0},
such that |1 − pδ| < δ on A and pδ takes the value 0 at u0 and the value 1 at the points u = 1
and u = 1/q. Set
νδ(u) = pδ(u)

pδ

1
qu

pδ(u)
pδ 1qu
 .
Since the set A is invariant under conjugation and inversion in the critical circle |u| = 1/√q,
given any α > 0, we may choose δ so small that |1 − νδ| < α on A. Set f −(s) = νδ(u(s)) f (s).
By Lemma 2, f − ∈ RF . From the definition of the class RF , we may write f (s) = Φ(u),
with u = q−s . Let M be the maximum of |Φ| on ∂A. Choose α < ϵ/M . On ∂A, we
have |νδΦ − Φ| = |νδ − 1| |Φ| < ϵ. But νδΦ − Φ is holomorphic on C \ {0}, so the
same inequality holds on all of A by the maximum principle. Since u(K ) ⊂ A, we have
| f −(s) − f (s)| = |νδ(u)Φ(u) − Φ(u)| < ϵ on K . We have approximated f by a function
f − in RF which fails to satisfy the “Riemann hypothesis”. Thus, the functions in RF which
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fail to satisfy the “Riemann hypothesis” form a dense subclass of RF . That the family of such
functions is open inRF follows immediately from Rouche´’s theorem.
It is possible to insure that the approximating functions are different from f , because the
lemmas employed allow much freedom in the construction. Thus, the approximation is not
trivial. 
Corollary 5. For every f ∈ RF (and in particular for ζF ), there is a sequence of functions { fn}
inRF , fn ≠ f , which fail to satisfy the “Riemann hypothesis” and, for every j = 0, 1, 2, . . . ,
f ( j)n → f ( j), as n →∞.
Proof. See the second paragraph of Section 4. 
The preceding theorem asserts that “most” functions in the class RF of rational functions
“resembling” the zeta-function ζF fail to satisfy the “Riemann hypothesis”. An analogous result
had been shown earlier for the Riemann zeta-function, with the striking difference that ζF is
known to satisfy the Riemann hypothesis.
In 1921, H. Hamburger showed that the functional equation for the Riemann zeta-function
ζ characterizes it completely in a certain sense. Namely, he showed that ζ is unique among
Dirichlet series, converging for ℜs > 1, extending to the complex plane C as meromorphic
functions of finite order having only finitely many poles, and satisfying the functional equation.
Theorems such as the preceding one for ζ (see for example [3]) show that there are many
functions other than ζ which satisfy the same functional equation, but these examples are surely
not of finite order. In seeking for an analog of Hamburger’s theorem for zeta-functions over finite
fields, since these have infinitely many poles, it is natural to replace the hypothesis that a function
f have only finitely many poles by the hypothesis that f have the same poles as ζF and with the
same principal parts. The preceding theorem not only gives many such functions satisfying the
same functional equation as ζF , but also gives that these functions are even of finite order and, in
fact, of order 1, as is ζF .
Having approximated ζF by similar functions which fail to satisfy the “Riemann hypothesis,”
we now turn to approximating functions, and in particular ζF , by functions (different from ζF )
which do satisfy the “Riemann hypothesis”.
The following lemma is similar to Theorem 40 in [3] except that in Theorem 40 there is only
one point β. The proof for two points β1 and β2 is the same.
Lemma 6. Let X be a set of uniform approximation in C, let β1, β2 be points of X and let
Z = {z1, z2, . . .} be a discrete (possibly finite) set in C\ X. Suppose Φ is meromorphic on C and
has zeros of respective orders k j at the points z j . Then, for each ϵ > 0 and each sequence {c j }
of non-zero numbers, there is an entire function g, taking the value 1 at β1 and β2, such that,
on X,
|1− g| < ϵ
2
and
Φg − Φ
 ≤ ϵ|Φ|.
Moreover, g has no zeros except at the points z j , where
g(k)(z j ) = 0, for k = 0, 1, . . . , k j − 1, and g(k j )(z j ) = c j .
Hence, the function Φ/g approximates Φ on X in the above sense, has the same value at β1
and β2 and has the same zeros as Φ except for the points z j , where Φ/g takes the value
Φ(k j )(z j )/c j k j .
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In the statement of Theorem 40 in [3] there is a misprint. In the present notation it amounts
to stating that at the points z j the function Φ/g takes the value 1/c j , whereas it should state that
Φ/g takes the value Φ(k j )(z j )/c j k j .
Theorem 7. For every f ∈ MF (and in particular for ζF ), there is an increasing sequence of
closed sets E1 ⊂ E2 ⊂ . . . with ∪En = C, and a sequence of functions { fn} in MF different
from f , with the following properties:
(1) The non-trivial zeros of fn lie on the critical axis. Hence, the functions fn satisfy the
“Riemann hypothesis”.
(2) On the critical and real axes, the functions fn have the same zeros with the same multiplicities
as the function f . In particular, the functions fn have the same trivial zeros as f .
(3)
lim
n→∞maxs∈En
| fn(s)− f (s)| = 0.
In particular,
fn(s)→ f (s), for every s ∈ C.
Proof. Let f ∈ MF . From the definition of the class MF , we may write f (s) = Φ(u), with
u = q−s , where Φ is a meromorphic function in C \ {0} whose only poles are simple poles at
the points u = 1 and u = 1/q. Given an arbitrary sequence {ϵn} of positive numbers, we wish
to construct an increasing sequence of closed subsets {En} of the s-plane Cs on which we shall
approximate f . But first we shall approximate Φ on an increasing sequence of subsets of the
u-plane Cu .
For a subset A of C we write
1
q A
= {1/qu : u ∈ A}, A = {u : u ∈ A},
and to avoid ambiguity, we denote the closure of A by cl(A). Let W be the set of zeros of Φ
outside of the critical circle and in the open upper half-plane. Then, the set of non-trivial zeros
of Φ off the critical circle is
W ∪ 1
qW
∪ W ∪ 1
qW
.
For each u ∈ W and each n = 1, 2, . . . , we may construct an unbounded domain (open
connected set) Uu,n , whose boundary is two disjoint arcs, each of which goes monotonically
from 0 to ∞, having the following properties:
(1) For each u ∈ W and each n, we have u ∈ Uu,n .
(2) For each n, the sets cl(Uu,n), with u ∈ W , are disjoint.
(3) For each u ∈ W and each n, we have Uu,n = 1/qU u,n .
(4) For each u ∈ W , the sets Uu,n are decreasing and Uu,1 ∩Uu,2 ∩ . . . = {u, 1/qu}.
(5) For each u ∈ W , the sets Uu,n are in the upper half-plane and uniformly bounded away from
1 and 1/q .
It follows from condition (4) that
∞
n=1

u∈W
Uu,n =

u∈W
∞
n=1
Uu,n = W ∪ 1
qW
. (9)
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Put
An = C \

u∈W
(Uu,n ∪U u,n),
Yn = An ∪ 1qW ∪ W ∪
1
qW
.
Then, by Arakelian’s theorem (see [2]), Yn is a closed set of uniform approximation and so by
Lemma 6, for each δn > 0, there is an entire function hn taking the value 1 at the points 1 and
1/q, having no zeros except at the points of W where hn has zeros of the same multiplicity as Φ
and Φ/hn takes the value δn . Moreover, |1− hn| < δn on Yn . We set
Fn(u) = hn(u)hn(u)hn(1/qu)hn(1/qu).
At the poles 1 and 1/q of Φ, the function Fn takes the value 1 and at the non-trivial zeros of Φ
off the critical circle, Φ/Fn is small.
Let Kn = An ∩ {1/q(n + 1) ≤ |u| ≤ n + 1}, which contains the points 1 and 1/q in its
interior, so Φ is bounded on ∂Kn . Let
Mn = max
u∈∂Kn
|Φ(u)|.
If δn is sufficiently small, we may assume that hn approximates 1 so well that, for u ∈ ∂Kn ,1− 1Fn(u)
 < ϵn/Mn .
Now, for
Φn(u) = Φ(u)Fn(u) ,
we have
|Φ(u)− Φn(u)| < ϵn, for u ∈ ∂Kn .
Since Φ −Φn is holomorphic on C \ {0} and in particular on Kn , by the maximum principle, we
also have
|Φ(u)− Φn(u)| < ϵn, for u ∈ Kn . (10)
From the way that hn has been specified at non-trivial zeros of Φ off the critical circle, we may
further assume that the δn are so small that
|Φn(u)| < ϵn on {u : Φ(u) = 0, u ∉ R, |u| ≠ 1/√q}. (11)
Finally, putting fn(s) = Φn(u), where u = q−s , then, by Lemma 2, fn(s) ∈MF . Moreover,
putting
En = {s : q−s ∈ Kn} ∪ {s : Φ(q−s) = 0, q−s ∉ R, |q−s | ≠ 1/√q},
we have, by the estimates (10) and (11), that | f (s)− fn(s)| < ϵn on En . It follows from (9) that
n
Kn = C \ ({0} ∪ {u : Φ(u) = 0, u ∉ R, |u| ≠ 1/√q}),
and hence

n En = C.
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As in the previous theorem, the lemmas involved allow much freedom, so it is possible to
assure that the approximating functions are different from f . Thus, the approximation is not
trivial.
The functions fn and the sets En satisfy the conclusion of the theorem. 
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